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Nonlinear excitations in two-component Bose-Einstein condensates �BECs� described by two coupled
Gross-Pitaevskii equations are investigated analytically and numerically. The beating phenomenon, the higher-
harmonic generation, and the mixing of the excited modes are revealed by both variational approximation and
numerical method. The strong excitations induced by the parametric resonance are also studied by time-
periodic modulation for the intercomponent interaction. The resonance conditions in terms of the modulation
frequency and the strength of intercomponent interaction are obtained analytically, which are confirmed by
numerical method. Direct numerical simulations show that, when the resonance takes place, periodic phase
separation and multisoliton configurations �including soliton trains, soliton pairs, and multidomain walls� can
be excited. In particular, we demonstrate a method for formation of multisoliton configurations through para-
metric resonance in two-component BECs.
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I. INTRODUCTION

Two-component Bose-Einstein condensates �BECs� pro-
duced experimentally by simultaneously trapping atoms in
distinct hyperfine or spin levels or of different species are
described by the two coupled Gross-Pitaevskii equations
�GPEs�. The extra internal degrees of freedom introduced by
the multiple components interaction leads to rich phenomena
and complex dynamics in two-component BECs. Among
them, multimode collective excitations �1–7�, solitons �or
soliton trains and soliton pairs� �8–17�, and multidomain
walls �18–21� are fundamental and important issues. Because
of strong nonlinear coupling, complex excitation spectra and
mixing of excited modes �1,2�, rich dynamics of the center-
of-mass oscillation �3–6�, quadruple and scissors modes, and
second-harmonic generation �7� are revealed in two-
component BECs. While many studies about the collective
excitations in two-component BECs have been made, many
important issues for the collective excitations of two-
component BECs remain to be investigated. The beating
phenomenon, the higher-harmonic generation, and the mix-
ing properties of oscillation modes in two-component BECs
have not been studied. These will be one of the main con-
tents of this work. By using the variational method, the mode
coupling and mixing, the beating phenomenon, and the
second- and even higher-harmonic modes are predicted ana-
lytically. In addition, our theoretical results are confirmed by
direct numerical integration of the full GPEs.

Solitons �soliton trains and soliton pairs� �8–17� and mul-
tidomain walls �18–21� are important strong excitations in
two-component BECs. It is believed that solitary wave and
multidomain formation are all related to the modulational
instability induced by the coupling between the two conden-
sates. In experiments, the multisoliton configurations can be
generated by various methods, e.g., by imprinting spatial
phase distribution for the initial wave packet �22�, or by in-
ducing small density defects with an extended slow light

technique in a condensate �23�. Here, we want to demon-
strate a method for formation of multisoliton configurations
�including soliton trains, soliton pairs, and multidomain
walls� in two-component BECs by external parametric exci-
tation. Parametric excitation corresponds to the exponential
growth of certain modes of the system induced by the peri-
odic variation of a parameter. It is a very general phenom-
enon occurring in a nonlinear system and, especially, in BEC
�24–28�. Parametric excitation induced by temporal periodic
modulation of atomic scattering length can result in the gen-
eration of Faraday waves �29� and solitons �26,30,31� in one-
component BEC. However, the parameter excitations in two-
component BECs have not been investigated until now. By
modulating the intercomponent interaction periodically �ex-
perimentally, this can be easily done by the Feshbach reso-
nance technique �32��, we obtain analytically the resonance
conditions in terms of the modulating frequency and the
strength of intercomponent interaction. The analytical results
are confirmed by our numerical integrating of the fully
coupled GPEs. Furthermore, our direct numerical results re-
veal very rich parametric excitations in two-component
BECs, such as periodic phase separation, dark-dark soliton
trains, dark-bright soliton pairs, periodic appearance of mul-
tidomain walls, and long lived multidomain walls. These re-
sults have not been reported previously. We believe these
results are very significant for investigating the topological
excitations in two-component BECs.

The paper is organized as follows. In Sec. II, we first give
the basic model for the coupled two-component BECs sys-
tem. In Sec. III, the harmonic generation and nonlinear cou-
pling of oscillation modes are investigated by both varia-
tional analysis and numerical method. The parametric
resonance induced by modulating the intercomponent inter-
action periodically is presented in Sec. IV. Subsequently, the
formation of multisoliton states are obtained numerically, in
particular, a method for generation of multisoliton configu-
rations in two-component BECs is presented, which can
readily be put into practice in current experiments. Section V
summarizes our conclusions.*xuejk@nwnu.edu.cn
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II. BASIC MODEL

We assume that the wave functions �k�r , t� �k=1,2� char-
acterize the two condensates in our system. At very low tem-
perature, the total energy functional of the system is

E =� dr��
k=1

2 � �2

2mk
	��k	2 + Vext

�k�	�k	2 +
gk

2
	�k	4


+ g12	�1	2	�2	2� , �1�

with the axisymmetric harmonic trapping potentials

Vext
�k��r� =

1

2
mk��k

2x2 + �k�
2 r2� , �2�

where the nonlinear coupling constants gk=4��2ak /mk and
g12=2��2a12 /m12, the reduced mass m12=m1m2 / �m1+m2�.

The dynamics of two-component BECs can be described
by the coupled GPEs, which are derived from the variational
principle i���k /�t=�E /��k

� as

i�
��k

�t
= �−

�2�2

2mk
+ Vext

�k� + gk	�k	2 + g12	�3−k	2��k. �3�

The normalization of each wave function is taken indepen-
dently as �dr	�k�r , t�	2=Nk, and the total particle number
N=N1+N2. When �k /�k��1, the potentials can be re-
garded as cigar-shaped trapping geometries. In this case, we
can factorize the condensates wave functions into a longitu-
dinal and a transverse part as

�k�r,t� = �k��y,z��k�x,t�e−i�k�t, �4�

where �k��y ,z�=exp�−�y2+z2� /2bk�
2 � /�bk� are the nor-

malized ground state wave functions of the harmonic oscil-
lator in the transverse direction, with bk�=� /mk�k� being
the corresponding characteristic lengths. Inserting the factor-
ized expressions into Eq. �3�, and integrating it over the
transverse plane �y ,z�, one derives the effective dimension-
less one-dimensional coupled GPEs,

i
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= �− 	k

�2

�x2 +
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4	k

k
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Here, the physical variables are rescaled as t→�1
−1t, x

→b0x �b0=� /m1�1�, and �k→N /b0�k. Other dimension-

less parameters become 	k� 1
2
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mk
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�1
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mkbk�
2 , and
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2m1b0a12N
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2 +b2�

2 � . The normalization for mean-field wave

functions �k are �dx	�k	2=Nk /N. The Lagrangian of the sys-
tem can be written as

L =� dx��
k=1
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where the asterisk denotes a complex conjugate. Equations
�5� and �6� are the basic models describing the dynamics of
the two-component condensates in the mean-field approxi-
mation. It is important to note that the present paper is fo-
cused on the case of BECs with weak interaction. In the
general case, however, the two-components BECs in the one-
dimensional �1D� system should be described by coupled
nonpolynomial Schrödinger equations �14�.

III. HARMONIC GENERATION AND NONLINEAR
MODE COUPLING

A. Variational analysis

In order to provide physical insights into the dynamics of
the condensates in the trapping potentials, we first give a
theoretical prediction for the dynamics of the system by the
variational method �33�. So, the Gaussian wave functions are
considered to characterize the ground states, i.e., we take

�k�x,t� = Ak exp�−
�x − xk�2

2Rk
2 + i�kx + i�kx

2� . �7�

At a given time t, these functions define the Gaussian distri-
butions centered at the positions xk with half-widths Rk. The
other variational parameters Ak �amplitude�, �k �velocity�,
and �k �inverse square root of the beam curvature radius� are
also time-dependent.

Substituting Eq. �7� into Eq. �6�, we obtain the variational
Lagrangian

L = �
k=1

2

Nk���̇k + 4	k�k�k�xk + ��̇k + 4	k�k
2 +

1

4	k

k

2

�Rk

2

2
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2
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	k

2Rk
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22�NRk

+ 	k	k
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u12N1N2

�NR1
2 + R2

2
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2 � . �8�

Applying the Euler-Lagrangian equations �L
�Qk

− d
dt

�L

�Q̇k
=0,

where Qk��xk ,Rk ,�k ,�k�, we obtain

Nk��̇k + 4	k�k�k + 2xk��̇k + 4	k�k
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R1
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2 � = 0, �9�
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k

2
Rk − � 	k
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22�N

 1

Rk
2�

−
u12N1N2Rk

�N�R1
2 + R2

2�3/2�1 −
2�x1 − x2�2

R1
2 + R2

2 �exp�−
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R1
2 + R2

2 �
= 0, �10�

ẋk = 4	k�kxk + 2	k�k, �11�
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RkṘk + 2xkẋk = 4	k�kxk + 4	k�kRk
2 + 8	k�kxk

2. �12�

From Eqs. �9�–�12�, one can obtain the evolution equations
of all variational parameters. The equations for the center-of-
mass coordinates and widths of the condensates are

ẍk = − 
k
2xk +

4	ku12N3−k�xk − x3−k�
�N�R1

2 + R2
2�3/2 exp�−

�x1 − x2�2

R1
2 + R2

2 � ,

�13�

and

R̈k = − 
k
2Rk +

4	k
2

Rk
3 + 2

�

	kukNk

NRk
2 +

4	ku12N3−kRk

�N�R1
2 + R2

2�3/2

�1 −
2�x1 − x2�2

R1
2 + R2

2 �exp�−
�x1 − x2�2

R1
2 + R2

2 � . �14�

These are a set of four coupled nonlinear ordinary differen-
tial equations describing the evolution of the center and
width of each condensate. The last terms in the right-hand
side of both Eqs. �13� and �14� describe the intercomponent
interaction and nonlinear coupling between the centers and
the widths of the two condensates, respectively. Although the
dipole oscillations are independent of the intracomponent in-
teraction because of Kohn’s theorem in Eq. �13�, the inter-
component interaction still plays an important role in under-
standing the underlying physics of this situation. On the
other hand, the second term in the right-hand side of Eq. �14�
represents the dispersion of the background, which tends to
spread the wave packet, and the third one is related to the
interatomic interaction in a single condensate. Note that the
corresponding 3D dynamical equations of Eqs. �13� and �14�
were derived in Ref. �2� and the low lying excitation modes
were discussed. As is clearly shown below, except the low
lying modes obtained in Ref. �2�, Eqs. �13� and �14� describe
very rich dynamics, including the high harmonic generation,
the nonlinear modes coupling, and the beating phenomenon,
which are not presented in Ref. �2�.

For simplicity, we consider two condensates constituting
from different hyperfine spin states of 87Rb, which are the
	F=1, mf =−1� and 	F=2, mf =1� states, respectively. It is
noted that the magnetic trapping potentials have the same
shape for these two states because the corresponding Landé g
factors are also equal in modulus and have opposite sign. So
for the external potentials, we have �1=�2�� and �1�

=�2����. For simplicity, we consider the case of two fixed
intracomponent interactions and an alterable intercomponent
interaction. Let us set the scattering lengths a1=a2
=5.36 nm, and the atom numbers N1=N2=104. We choose
the trapping frequencies �=59 Hz and ��=10� �3�. Under
these assumptions, we have 	1=	2= 1

2 , 
1=
2=1, and R1
=R2�R. Expanding the width as R=R0+R� �R��R0�,
where R� expresses a small departure from the equilibrium
width R0, defining the relative position between the two con-
densates as l�x1−x2, and under weak excitation 	l	�R0, Eq.
�13� can be reduced to �omitting the higher order terms�

l̈ = − �0
2l −

u12

22�R0
5
l3, �15�

with �0
2=1−

u12

2�R0
3 . This is a nonlinear ordinary differential

equation describing the oscillation of the two condensates
center. From Eq. �15�, one can easily find that l oscillates
with frequency �r which depends on the initial excitation
amplitude l0=x10−x20 through

�r
2 = �0

2�1 +
3u12l0

2

162��0
2R0

5
 . �16�

It is clear that �r increases with initial driving amplitude l0
and the intercomponent interaction a12.

In order to discuss the dynamics of the widths of the
condensates, applying the similar method as obtaining Eq.
�15�, Eq. �14� can also be simplified to

R̈� = − �w
2 R� −

3u12

42�R0
4
l2 +

5u12

162�R0
6
l4, �17�

with �w
2 =1+ 3

R0
4 +

uk+u12

2�R0
3 . This equation represents a forced lin-

ear pendulum oscillating with natural frequency �w. The last
two terms in the right-hand side of the equation can be re-
garded as the forced terms induced by the oscillation of the
two condensates’ relative position. When the scattering
length a12 is small, the forced terms in Eq. �17� can be ig-
nored, the equation reduces to the harmonic pendulum and
the width of the condensate oscillating with natural fre-
quency �w. When the value of a12 becomes large enough,
Eq. �17� indicates that the excitation spectrum can be modi-
fied by the forced terms, and the frequencies such as
2�r ,4�r , . . . may appear in the spectrum of the width. It is
also possible to generate resonance when the frequency of
the driving force 2�r is equal or very close to the intrinsic
frequency �w, and the beating for the oscillation of the width
will be excited. The beating frequency is 	2�r−�w	.

Similar to Eq. �17�, the forced oscillating equations de-
scribing the motion of the center of condensates can also be
obtained,

ẍk = − xk +
u12

22�R0
3�l −

l3

2R0
2 −

3lR�

R0
+

6lR�2

R0
2 
 . �18�

It is clear that when the interaction a12 is small, each con-
densate oscillates with its intrinsic frequency 
=1 / �2��; but
when the value of the interaction a12 is increased, the higher-
harmonic modes and the mixed modes will be excited, the
frequencies such as 3�r ,5�r , . . . and �r��w , �r�2�w , . . .
may appear in the spectra for the motion of the centers.
Equation �18� also indicates that, as the forcing frequency �r
close to the intrinsic frequency 
=1 / �2��, the beating struc-
tures for oscillation of centers with frequency 	�r−
	 will be
excited.

In brief summary, our variational results show that, except
the intrinsic modes �r and �w, the harmonic modes with
frequency 2�r ,3�r , . . ., the mixed modes with frequency
�r��w , �r�2�w , . . ., and the beating modes with fre-
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quency 	2�r−�w	 and 	�r−
	 can be excited in the system.
These analytical predictions will be confirmed by the direct
numerical simulations.

B. Direct numerical results of the coupled GPEs

To confirm the above variational predictions, we have per-
formed a direct numerical simulation of the fully coupled
GPEs �5�. The coupled GPEs �5� are integrated numerically
by means of the fourth-order Runge-Kutta scheme in time
along with a second-order finite-difference discretization in
space �34�. As is shown in �34�, this numerical method is
stable and accurate to integrate the time-dependent GPEs.
Initially, we search the equilibrium solution of two-
component BECs by time propagation of Eq. �5�. Starting
from this initial state with a small displacement of the rela-
tive positions of the two confining traps, the fully coupled
GPEs �5� are integrated and the collective excitations in the
system can be obtained. Some of our numerical results are
presented in Figs. 1 and 2. Figure 1 shows the spectra for the
motion of the center of the condensate and its width, respec-
tively. It is noted that the center-of-mass coordinate and the
width of the condensate in simulations are defined as �x�
=�−�

+�x	�	2dx and �R�2=�−�
+��x− �x��2	�	2dx, respectively. The

spectra shown in Fig.1 are obtained by performing a fre-
quency analysis for the motion of the center of the conden-
sate and its width. The harmonic frequencies and the mixed
frequencies are clearly shown in Fig. 1. The spectrum shows
that two major frequencies for the oscillation of width exist
under small scattering length a12 �Fig. 1�a��: the intrinsic
frequency �w and the driving frequency 2�r. Furthermore,
the spectrum for the width shows several even double fre-
quencies �such as 2�r ,4�r , . . .� when a12 becomes large �Fig.
1�c��. The spectra for the motion of the center �Figs. 1�b� and
1�d�� have similar properties; but for the center, in addition to
odd double frequencies �such as 3�r ,5�r , . . .�, there are sev-

eral mixed frequencies ��r��w , . . .� for larger values of a12

�Fig. 1�d��. These excited modes shown in Fig. 1 are in good
agreement with our variational predictions.

The beating structures induced by the nonlinear modes
coupling can also be revealed, which are shown in Fig. 2 for
small scattering lengths. In Fig. 2, both the variational results
of Eqs. �15�–�18� �dashed line� and the direct numerical re-
sults of Eqs. �5� �solid line� are presented. It is clear that the
variational results are in good agreement with the direct nu-
merical results, especially for the motion of the center and
the frequency of excited modes. We also can see that the
beating frequency for oscillating of the center increases with
a12 �Figs. 2�a�–2�c�� and it has the minimum value when
a12�0 �Fig. 2�a��. The beating frequency for the width has
the minimum value at a12�0.84 nm �Fig. 2�e��.

IV. PARAMETRIC RESONANCE AND FORMATION
OF MULTISOLITON CONFIGURATIONS

In this section, we aim to study the parametric resonance
in a mixture of two BECs by modulating the scattering
length a12 periodically as

ā12 = a12�1 + � cos��t�� ,

i.e.,

FIG. 1. Numerical results of the frequency spectra for the oscil-
lation of the width �R1� �left panels �a� and �c�� and center �x1�
�right panels �b� and �d��� with a small value of a12 �top panels �a�
and �b�: a12=1.0 nm� and a large one �bottom panels �c� and �d�:
a12=5.0 nm�, respectively.

FIG. 2. The beating structures for the center �x1� �left panels�
and width R1�=R0− �R1� �right panels� at different scattering length
a12. �a� and �d� a12=0.5 nm; �b� and �e� a12=0.84 nm; �c� and �f�
a12=1.8 nm. The solid and dashed lines, respectively, correspond
to the direct numerical results and the variational results.
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ū12 = u12�1 + � cos��t�� . �19�

Here, ā12 �ū12� is the modified scattering length �interaction�
with an additional modulation term a12� cos��t�, � and �
being the amplitude and frequency of the time-dependent
modulation, which can be carried out by means of the Fesh-
bach resonance �32�. The Feshbach resonance allows one to
switch the interatomic interaction periodically in time, and
will undoubtedly open the door for the study of the matter-
wave management in multicomponent BECs.

A. Theoretical prediction

Again we first give a theoretical prediction for the appear-
ance of the parametric resonance in two-component BECs by
using the variational result of Eq. �15�. It should be noted
that in obtaining the variational results of Eqs. �13�–�15�, the
atoms interaction expressed by u1�2� and u12 can either be
time-independent or time-dependent. On the other hand, the
variational results of Eqs. �13�–�15� are not changed if u1�2�
and u12 are time-dependent. Because in the initial stage of
the parametric resonance, the excitation is weak, i.e.,
	l	�R0, Eq. �15� can be simplified to

l̈ = − �1 −
u12

2�R0
3
l . �20�

Using Eq. �19�, Eq. �20� can be reduced to the well-
known Mathieu’s equation �35�

l̈ = − �0
2�1 − � cos��t��l , �21�

where �=
u12�

2�R0
3�0

2 . It is also well-known that the parametric
resonance can take place in the system if the frequency of the
driving force � meets the following condition �35�

� =
2�0

n
, �22�

where n=1,2 ,3 , . . . denotes the order number of the reso-
nances. The resonance boundaries for the lower-order reso-
nances are given by

n = 1:
�

2�0
= 1 �

1

4
� , �23�

n = 2:
�

�0
= 1 −

1

4
�2,

�

�0
= 1 +

1

24
�2, �24�

n = 3:
�

2�0
=

1

3
�1 −

1

64
�2 �

81

1024
�3� . �25�

That is, if the parameters are selected in the range given by
one of Eqs. �23� or �24�, the parametric resonance will be
excited in the system.

B. Direct numerical simulation of the parametric resonance

The theoretical results given by Eqs. �22�–�25� just pre-
dict the conditions for appearance of the parametric reso-

nance in the system. We can expect that very rich dynamical
phenomena would be excited when the parametric resonance
takes place. It is clear that this cannot be predicted by the
above theoretical method, thus a fully numerical simulating
of the coupled GPEs �5� is needed. So we present the com-
plete process of the parametric resonance in two-component
BECs by direct numerical simulation of the full GPEs �5�. In
numerical integrating of the GPEs �5�, the scattering length
between different components is varied according to Eq.
�19�. The parameters in Eq. �19� are adjusted into the un-
stable region as described by Eq. �23�: the scattering length
a12=2.5 nm, the external driving frequency � /2�0=1.0, and
the driving amplitude �=0.5. The numerical results are
shown in Figs. 3–10.

It is clear from Fig. 3�a� that the amplitude of the oscilla-
tion of the relative position of the two condensates increases
gradually and reaches a maximum value at t�1.66 s, i.e.,
the parametric resonance is induced. Figure 3�b� indicates
that the total energy and the energy of each component also
increase gradually, while the interactive energy contrarily de-
creases until t=1.66 s. The minimum value of the interac-
tion energy demonstrates the largest phase separation for the
two condensates. Because of large amplitude oscillation in-
duced by the resonance, the dark soliton trains can be ex-
cited, which are shown in Fig. 4. The dark solitons repel each
other and oscillate in the trap. It is noted that the generation
of the dark soliton trains is not caused by the modulational
instability because the condition of the modulational instabil-
ity is not satisfied, i.e., ��a12�max�2�a1a2, where �a12�max

=a12�1+��=3.75 nm.
In order to observe the mechanism of formation of the

soliton trains clearly, we also show the evolution of the den-
sity distributions for the two condensates at different times in
Figs. 4�a�–4�f�. Figure 4�a� gives the two initial density pro-
files. Before t=1.59 s, the phase separation of the two con-
densates happens periodically. The compression and expan-
sion of the wave packets occur periodically with the period
of the external modulation. We can see that the wave packets
at t=1.59 s are compressed to almost half of the initial den-
sity distributions �Fig. 4�b��. The distance between the cen-
ters of the two-condensates reaches 30 �m at t=1.66 s �Fig.
4�c��, the two condensates separate completely. The two
wave packets vary dramatically in the interface of the two

FIG. 3. Variation of the relative position of the two condensates
�a� and the corresponding energies of the system �including the total
energy, the energy of each component, and the interaction energy
between the two condensates��b�.

NONLINEAR MODE COUPLING AND RESONANT … PHYSICAL REVIEW E 77, 016606 �2008�

016606-5



condensates, and the wave packets break up due to dynami-
cal instability, which is induced by strong interaction be-
tween the packets. Under the competition between the non-
linearity and the dispersion, three dark solitons are formed at
t=1.66 s �Fig. 4�c��. Then, the three solitons oscillate around
x=0 �Figs. 4�d�–4�f��, to make clear, only the profile of 	�1	2
is shown in Figs. 4�d�–4�f�. The oscillating of the three soli-

tons can also be clearly seen in the contour plots of the
densities shown in Fig. 4 �top panels�. Henceforth, the strong
interaction between two-condensates takes place periodically
and multisolitons are excited successively. The evolution of
the multidark solitons are shown in Fig. 4 �top panels�.

From the above discussion we can conclude that the non-
linear resonance interaction of the two-condensates induced
by periodic modulation of intercomponent scattering length
results in generation of multisolitons. It is clear that this
mechanism for exciting solitons in BECs is different from
that discussed in Refs. �30,31�. In Ref. �30�, a set of moving

FIG. 4. �Top� The contour plots of the densities during the para-
metric resonance with a12=2.5 nm and �=0.5. �Bottom� The den-
sity profiles of 	�1	2 �thin curve� and 	�2	2 �thick curve� at different
evolution times: �a� t=0 s, �b� t=1.59 s, �c� t=1.66 s, �d� t
=1.691 s, �e� t=1.738 s, and �f� t=1.755 s.

FIG. 5. The periodic phase separation of two-component BECs
when the modulation is cut off before formation of soliton trains �at
t=1.59 s�.

FIG. 6. Long lived dark-dark and bright-bright soliton pairs
when the modulation is cut off after formation of soliton trains.

FIG. 7. �Top� The contour plots of the densities with a12

=4.5 nm and �=0.18. �Bottom� The density profiles at different
times: �a� t=1.352 s; �b� t=1.379 s; �c� t=1.404 s; and �d� t
=1.425 s. �The thin curve and the thick one represent 	�1	2 and
	�2	2, respectively.�
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fundamental solitons was generated from the prescribed
higher-order soliton states by an extremely weak periodic
modulation of the scattering length in an attractive one-
component BEC. In Ref. �31�, solitons were produced from
the linear states via the adiabatic temporal varying the scat-
tering length in one-component BEC. It is interesting to note
that a single soliton can be generated by the method dis-
cussed in Ref. �31�. Nonlinear resonance interaction of two-
condensates, however, makes the excitations in two-
component BECs more complicated and it results in rich
dynamics in two-component BECs �as is shown below�.

Further investigation shows that some interesting phe-
nomena can occur if we stop the modulation of the interac-
tion constant a12 �i.e., setting �=0 in Eq. �19�� before/after
formation of soliton trains. Cutting off the modulation of the
interaction constant a12 before formation of the dark soliton
trains �t=1.59 s in Fig. 4�, we find that periodic phase sepa-
ration of two condensates and periodic compression and ex-
pansion of the wave packets take place. These can be clearly
seen from the contour plots of the densities shown in Fig. 5.
It is noted that a similar effect of the periodic phase separa-
tion of the two-condensates was reported in Ref. �36�. It is
clear that the mechanism exciting the phase separation dis-
cussed in Ref. �36� is different from that presented in this
paper. In Ref. �36�, the periodic phase separation of the two-
condensates is driven by a linear coupling of the two-
condensates �induced by means of a resonant electromag-

netic spin-flipping field�. To keep the periodic phase
separation of the two-condensates, persistent linear coupling
between the two-condensates should be applied. Meanwhile,
as was shown in Ref. �36�, the interaction between the two-
condensates is very weak, the two-condensates just perform
oscillating of their positions, periodically passing through
each other. In the present work, however, the persistent phase
separation is excited by the nonlinear resonant interaction of
the two-condensates �induced by periodic modulation of the
intercomponent scattering length� and the two-condensates
exhibit strong interaction as they oscillate. Furthermore, as
the phase separation is excited, it will keep a long time even
if the modulation of the intercomponent scattering length is
cut off.

If we stop the modulation of the interaction after forma-
tion of the dark soliton trains �at t=1.68 s�, the excited soli-
ton trains can keep a very long time until a new equilibrium
soliton state at t=3 s is formed. In Fig. 6 we illustrate the
evolution of the soliton state after t=3 s. It is found that the
dark-dark soliton pair in one condensate and the bright-
bright soliton pair in another condensate are formed, instead
of the structure of the dark soliton trains. We believe this
equilibrium structure results from the incessant interaction
between two condensates for small intercomponent interac-
tion a12.

When we increase the value of the interaction to a12
=4.5 nm and decrease the modulation amplitude to �=0.18,
the bright-dark soliton pairs in each component can be cre-
ated. We should note that, in this case, the modulational in-
stability condition is still not satisfied, i.e., ��a12�max�2

�a1a2, where �a12�max=a12�1+��=5.31 nm. So, the forma-
tion of the bright-dark soliton pairs is also not caused by the
modulational instability. The contour plots of the density
profiles are illustrated in Fig. 7. We can see that the dark-
bright soliton pairs are generated both in each condensate
and between the two condensates. That is, in the place where
the dark soliton is formed in one component, the bright soli-
ton is formed in another one �Figs. 7�a�–7�d��. The dark-
bright soliton pairs are generated at t=1.379 s �Fig. 7�b�� by
a large density disturbance between two condensates �Fig.
7�a��. Then the soliton pairs oscillate around x=0 �Figs.
7�b�–7�d��. Compared with the previous case, there are two
points that need to be mentioned. First, the amplitude � is

FIG. 10. Long lived domain walls when removing the modula-
tion after the domain walls are generated.

FIG. 8. Long lived dark-bright soliton pairs when the modula-
tion is stopped after the dark-bright soliton pairs are excited at t
=1.514 s.

FIG. 9. Periodic excitation of multidomain walls under modula-
tion with a12=5.0 nm and �=0.5.
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small, and the parametric excitation becomes weak, so the
whole phase separation between the two-condensates cannot
occur. Secondy, the interaction between the condensates in-
creases due to the larger scattering length a12. For the weak
excitation, the local density distributions of the condensates
are disturbed largely, and the local phase separation occurs,
leading to the generation of dark-bright soliton states. In Ref.
�23�, the generation of soliton trains is induced by local den-
sity disturbance in BEC. Obviously, the generation mecha-
nism of such a soliton pair is similar with that discussed in
Ref. �23�, but different with the previous case �dark-dark
soliton pair and bright-bright soliton pair� for a small inter-
action.

Once the dark-bright soliton pairs are excited, we stop the
modulation of the intercomponent scattering length at t
=1.514 s, as is shown in Fig. 8, the soliton pairs can keep a
very long time and the lifetime exceeds about t=3 s.

There are other multisoliton configurations which can be
generated by the parametric resonance, e.g., formation of
multiple domains �18,19�. In our system, when we increase
the value of the interaction �a12=5.0 nm� and the amplitude
of the periodical modulation ��=0.5�, the periodic generation
of multidomain walls can take place, which is shown in Fig.
9. The domain walls appear alternately due to the periodical
modulation. As we know, the formation of a domain wall is
related to the modulational instability in two-component
BECs. In half of the modulation period, the condition of the
modulational instability is satisfied �a12�a1a2� and the do-
main walls can be formed. In another half of the period, the
condition cannot be satisfied and the domain walls disappear.

The most interesting thing is that when we remove the
modulation of the interaction constant a12 during the forma-
tion of the multiple domains, the excited domain walls can
keep a very long time �Fig. 10�. It is clear that the condition
of the modulational instability is not satisfied when we set
�=0. We believe that this result needs to be discussed theo-
retically in the future.

V. CONCLUSIONS

In conclusion, the collective dynamics of two-component
BECs described by the two coupled Gross-Pitaevskii equa-
tions are investigated by means of the variational analysis
and direct numerical simulation. The collective dynamics of
two-component BECs under the parameter excitation are dis-
cussed. The harmonic generation and the nonlinear modes
coupling are revealed in the system. Subsequently, the para-
metric resonance in two-component BECs by modulating the
intercomponent interaction is investigated. The resonance
conditions in terms of the modulation frequency and the
strength of interspecies interaction are obtained. The forma-
tion of multisoliton states in the system are discussed, in
particular, a method for creation of multisoliton configura-
tions in two-component BECs by modulating the parameter
of the system is presented.

The results presented in this work can be observed easily
in experiments. The two-component BECs can be prepared
like the experiment described in Ref. �3�. To observe the
harmonic generation and nonlinear modes coupling, the ex-
citations can be induced by the displacement of the relative
positions of the confining traps; and for the parametric reso-
nance and formation of the multisoliton configurations, the
modulation of the atomic scattering length of different com-
ponents can be implemented by using the so-called Feshbach
resonance technique �32�. We hope our results will stimulate
the experiment in this direction.
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